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Abstract
In [6] we computed the edge Folkman number F (3, 4; 8) = 16. There we
used and announced without proof that in any blue-red coloring of the edges
of the graph K1 +C5 +C5 +C5 there is either a blue 3-clique or red 4-clique.
In this paper we give a detailed proof of this fact.
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1 Introduction
Only finite non-oriented graphs without multiple edges and loops are considered.
We call a p-clique of the graph G a set of p vertices each two of which are adjacent.
The largest positive integer p such that G contains a p-clique is denoted by cl(G). A
set of vertices of the graphG none two of which are adjacent is called an independent
set. In this paper we shall also use the following notations:
• V (G) is the vertex set of the graph G;
• E(G) is the edge set of the graph G;
• N(v), v ∈ V (G) is the set of all vertices of G adjacent to v;
• G[V ], V ⊆ V (G) is the subgraph of G induced by V ;
• χ(G) is the chromatic number of G;
• Kn is the complete graph on n vertices;
• Cn is the simple cycle on v vertices.
The equality Cn = v1v2 . . . vn means that V (Cn) = {v1, . . . , vn} and
E(Cn) = {[vi, vi+1], i = 1, . . . , n− 1} ∪ {[v1, vn]}
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Let G1 and G2 be two graphs without common vertices. We denote by G1+G2
the graph G for which V (G) = V (G1) ∪ V (G2) and E(G) = E(G1) ∪ E(G2) ∪ E′
where E′ = {[x, y] : x ∈ V (G1), y ∈ V (G2)}.
Let G and H be two graphs. We shall say that H is a subgraph of G and we
shall denote H ⊆ G when V (H) ⊆ V (G) and E(H) ⊆ E(G).
Definition 1.1. A 2-coloring
E(G) = E1 ∪ E2, E1 ∩ E2 = ∅, (1.1)
is called a blue-red coloring of the edges of the graph G (the edges in E1 are blue
and the edges in E2 are red).
We define for blue-red coloring (1.1) and for an arbitrary vertex v ∈ V (G)
Ni(v) = {x ∈ N(v) | [v, x] ∈ Ei}, i = 1, 2;
Gi(v) = G[Ni(v)].
Definition 1.2. Let H be a subgraph of G. We say that H is a monochromatic
subgraph in the blue-red coloring (1.1) if E(H) ⊆ E1 or E(H) ⊆ E2. If E(H) ⊆ E1
we say thatH is a blue subgraph and if E(H) ⊆ E2 we say thatH is a red subgraph.
Definition 1.3. The blue-red coloring (1.1) is called (p, q)-free, if there are no blue
p-cliques and no red q-cliques. The symbol G → (p, q) means that any blue-red
coloring of E(G) is not (p, q)-free. If G → (p, q) then G is called edge Folkman
(p, q)-graph.
Let p, q and r be positive integers. The Folkman number F (p, q; r) is defined
by the equality
F (p, q; r) = min{|V (G)| : G→ (p, q) and cl(G) < r}.
In [1] Folkman proved that
F (p, q; r) exists ⇐⇒ r > max{p, q}.
That is why the numbers F (p, q; r) are called Folkman numbers. Only few
Folkman numbers are known. An exposition of the results on the Folkman numbers
was given in [6]. In [6] we computed a new Folkman number, namely F (3, 4; 8) = 16.
This result is based upon the fact that K1 + C5 + C5 + C5 → (3, 4), which was
announced without proof in [6]. In this paper we give a detailed proof of this fact.
So, the aim of this paper is to prove the following
Main Theorem. Let G = K1 + C
(1)
5 + C
(2)
5 + C
(3)
5 , where C
(1)
5 , C
(2)
5 , C
(3)
5 are
copies of the 5-cycle C5. Then G→ (3, 4).
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2 Auxiliary results
Lemma 2.1. Let E(G) = E1 ∪ E2 be a (3, 4)-free red-blue coloring of the edges of
the graph G. Then:
(a) G1(v) is a red subgraph, v ∈ V (G);
(b) (E(G2(v))∩E1)∪(E(G2(v))∩E2) is a (3, 3)-free red-blue coloring of E(G2(v)),
v ∈ V (G). Thus G2(v) 6→ (3, 3).
Proof. The statement of (a) is obvious. Assume that (b) is not true. Than, since
there is no blue 3-clique, G2(v) contains a red 3-clique. This red 3-clique together
with the vertex v form a red 4-clique, which is a contradiction.
Corollary 2.1. Let E(G) = E1 ∪ E2 be a (3, 4)-free blue-red coloring of E(G).
Then:
(a) cl(G1(v)) ≤ 3, v ∈ V (G);
(b) cl(G2(v)) ≤ 5, v ∈ V (G);
(c) G2(v) # K3 + C5, v ∈ V (G).
Proof. The statement of (a) follows from Lemma 2.1(a). The statements of (b) and
(c) follow from Lemma 2.1(b), since K6 → (3, 3), [4] and K3+C5 → (3, 3), [2].
Lemma 2.2 ([5]). Let G = C5 + H, where V (H) = {x, y, z} and E(H) =
{[x, y], [x, z]}. Let E(G) = E1 ∪ E2 be a (3, 3)-free blue-red coloring of E(G).
Then H is monochromatic in this coloring.
Lemma 2.3 ([3]). Let G = C5 +K2 and E(G) = E1 ∪E2 be a (3, 3)-free blue-red
coloring of E(G) such that E(C5) ⊆ Ei. Then E(K2) ∈ Ei.
Lemma 2.4. Let G = K1 + C
(1)
5 + C
(2)
5 + C
(3)
5 , where C
(1)
5 , C
(2)
5 , C
(3)
5 are copies
of the 5-cycle C5 and V (K1) = {a}. Let E(G) = E1 ∪ E2 be a blue-red coloring of
E(G) such that cl(G1(a)) ≤ 3 and G2(a) 6→ (3, 3). Then, up to numeration of the
5-cycles C
(1)
5 , C
(2)
5 and C
(3)
5 we have:
(a) N1(a) ⊃ V (C
(1)
5 ) and N1(a) ∩ V (C
(2)
5 ) is an independent set;
(b) N2(a) ⊃ V (C
(3)
5 ) and N2(a) ∩ V (C
(2)
5 ) is not an independent set.
Proof. Let C
(1)
5 = v1v2v3v4v5, C
(2)
5 = u1u2u3u4u5 and C
(3)
5 = w1w2w3w4w5. We
shall use the following obvious fact
χ(C5) = 3. (2.1)
It follows from (2.1) that
N1(a) ∩ V (C
(i)
5 ) or N2(a) ∩ V (C
(i)
5 ) is not an independent set, i = 1, 2, 3. (2.2)
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By (2.2) and Corollary 2.1(b), at least one of the sets N2(a) ∩ V (C
(i)
5 ), i = 1, 2, 3,
is an independent set. Thus, at least one of the sets N1(a) ∩ V (C
(i)
5 ), i = 1, 2, 3, is
not an independent set. Without loss of generality we can assume that
N1(a) ∩ V (C
(1)
5 ) is not an independent set. (2.3)
It follows from Corollary 2.1(a) and (2.3) that N1(a) ∩ V (C
(2)
5 ) = ∅ or N1(a) ∩
V (C
(3)
5 ) = ∅. Let for example N1(a) ∩ V (C
(3)
5 ) = ∅. Then
N2(a) ⊃ V (C
(3)
5 ). (2.4)
We have from (2.3) and Corollary 2.1(a) that N1(a) ∩ V (C
(2)
5 ) is an independent
set. Thus, it follows from (2.1) that N2(a) ∩ V (C
(2)
5 ) is not an independent set.
This fact together with (2.4) and Corollary 2.1(c) give us that N2(a)∩V (C
(1)
5 ) = ∅.
Hence, N1(a) ⊇ V (C
(1)
5 ). The Lemma is proved.
Lemma 2.5. Let G = K1 + C
(1)
5 + C
(2)
5 + C
(3)
5 , where C
(i)
5 , i = 1, 2, 3, are copies
of the 5-cycle C5. Let E(G) = E1 ∪E2 be a blue-red coloring such that some of the
cycles C
(1)
5 , C
(2)
5 , C
(3)
5 is not monochromatic. Then this coloring is not (3, 4)-free.
Proof. Let V (K1) = {a}, C
(1)
5 = v1v2v3v4v5, C
(2)
5 = u1u2u3u4u5 and C
(3)
5 =
w1w2w3w4w5. Assume the opposite, i.e. E(G) = E1 ∪ E2 is (3, 4)-free. Then by
Corollary 2.1(a) we have cl(G1(a)) ≤ 3 and by Lemma 2.1(b) we have G2(a) 6→
(3, 3). Thus, according to Lemma 2.4 we can assume that
N1(a) ⊇ V (C
(1)
5 ) and N1(a) ∩ V (C
(2)
5 ) is independent; (2.5)
N2(a) ⊇ V (C
(3)
5 ) and N2(a) ∩ V (C
(2)
5 ) is not independent. (2.6)
It follows from (2.5) and Lemma 2.1(a) that
E(C
(1)
5 ) ⊆ E2. (2.7)
We have from the statement of the Lemma 2.5 that at least one of the cycles C
(i)
5 ,
i = 1, 2, 3, is not monochromatic and since E(C
(1)
5 ) ⊆ E2 it remains to consider the
following two cases:
Case 1. C
(2)
5 is not monochromatic. Let for example [u1, u5] ∈ E1 and [u1, u2] ∈
E2. If u1, u2, u5 ∈ N2(a) by (2.6) we have G2(a) ⊃ C
(3)
2 +G[u1, u2, u5]. It follows
from Lemma 2.2 that G2(a) contains a monochromatic 3-clique. This contradicts
Lemma 2.1(b). So, at least one of the vertices u1, u2, u5 belongs to N1(a). There-
fore, we have the following subcases:
Subcase 1a. u1 ∈ N1(a). Since there are no blue 3-cliques it follows from (2.5)
that
N2(u1) ⊃ V (C
(1)
5 ). (2.8)
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As [u1, a], [u1, u5] ∈ E1 and cl(G1(u1)) ≤ 3 (see Corollary 2.1(a)), the set N1(u1)∩
V (C
(3)
5 ) is independent. Therefore, N2(u1)∩V (C
(3)
5 ) is not independent. This fact
together with [u1, u2] ∈ E2 and (2.8) give us G2(u1) ⊃ K3+C
(1)
5 , which contradicts
Corollary 2.1(c).
Subcase 1b. u2 ∈ N1(a) and u1 ∈ N2(a). Since there are no blue 3-cliques it
follows from (2.5) that
N2(u2) ⊃ V (C
(1)
5 ). (2.9)
If N2(u1)∩V (C
(1)
5 ) contains two adjacent vertices then these vertices together with
u1 and u2 form a red 4-clique according to (2.7) and (2.9). Hence, N2(u1)∩V (C
(1)
5 )
is independent and, therefore, N1(u1) ∩ V (C
(1)
5 ) is not independent. Since u5 ∈
N1(u1) and cl(G1(u1)) ≤ 3 (see Corollary 2.1(a)) we have N1(u1) ∩ V (C
(3)
5 ) = ∅.
Hence
N2(u1) ⊃ V (C
(3)
5 ). (2.10)
By (2.6) and (2.10)
V (C
(3)
5 ) ⊆ N2(u1) ∩N2(a).
Since [a, u1] ∈ E2 and there are no red 4-cliques we obtain that
E(C
(3)
5 ) ⊆ E1. (2.11)
As there are no blue 3-cliques from (2.11) it follows that N1(u2) ∩ V (C
(3)
5 ) is in-
dependent. Therefore, N2(u1) ∩ V (C
(3)
5 ) contains two adjacent vertices. This fact
together with [u1, u2] ∈ E2 and (2.9) give us G2(u2) ⊃ K3+C
(1)
5 , which contradicts
Corollary 2.1(c).
Subcase 1c. u5 ∈ N1(a) and u1, u2 ∈ N2(a). Since a, u2 ∈ N2(u1), it follows from
Corollary 2.1(b) that at least one of the sets N2(u1)∩V (C
(1)
5 ) and N2(u1)∩V (C
(3)
5 )
is independent. Hence at least one of the sets N1(u1)∩ V (C
(1)
5 ), N1(u1)∩ V (C
(3)
5 ),
is not independent. Assume that N1(u1) ∩ V (C
(1)
5 ) is not independent. This fact
together with u5 ∈ N1(u1) and Corollary 2.1(a) imply
N2(u1) ⊃ V (C
(3)
5 ). (2.12)
As [a, u1, u2] is a red 3-clique and [a, u1, u2, wi] is not a red 4-clique, i = 1, . . . , 5,
it follows from (2.6) and (2.12) that [u2, wi] ∈ E1, i = 1, . . . , 5, i.e. N1(u2) ⊃
V (C
(3)
5 ). We have from Lemma 2.1(a) that E(C
(3)
5 ) ⊆ E2. Thus, according to (2.6)
and (2.12), the vertices a and u1 together with two adjacent vertices of C
(3)
5 form
a red 4-clique, which is a contradiction.
Let us now consider the situation when N1(u1) ∩ V (C
(3)
5 ) is not independent.
Corollary 2.1(a) and u5 ∈ N1(u1) imply
N2(u1) ⊃ V (C
(1)
5 ). (2.13)
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IfN2(u1)∩V (C
(3)
5 ) 6= ∅ then from a, u2 ∈ N2(u1) and (2.13) it follows thatG2(u1) ⊃
K3 + C
(1)
5 , which contradicts the Corollary 2.1(c). Hence N2(u1) ∩ V (C
(3)
5 ) = ∅,
i.e.
N1(u1) ⊃ C
(3)
5 . (2.14)
Since there are no blue 3-cliques we obtain from (2.14) and Lemma 2.1(a) that
E(C
(3)
5 ) ⊆ E2. (2.15)
If N2(u2)∩V (C
(3)
5 ) is not independent then according to (2.6) and (2.15) an edge in
N2(u2)∩V (C
(3)
5 ) together with a and u2 form a red 4-clique. Let N2(u2)∩V (C
(3)
5 )
be independent. Then N1(u2) ∩ V (C
(3)
5 ) is not independent. Thus, it follows from
Corollary 2.1(a) that N1(u2)∩V (C
(1)
5 ) is independent and N2(u2)∩V (C
(1)
5 ) is not
independent. Then an edge in N2(u2) ∩ V (C
(1)
5 ) together with the vertices u1 and
u2 form a red 4-clique, according to (2.7) and (2.13), which is a contradiction.
Case 2. C
(3)
5 is not monochromatic but C
(2)
5 is monochromatic. Without loss
of generality we can assume that [w1, w5] ∈ E1 and [w1, w2] ∈ E2. Since a, w2 ∈
N2(w1) it follows from Corollary 2.1(b) that at least one of the sets N2(w1) ∩
V (C
(1)
5 ) and N2(w1) ∩ V (C
(2)
5 ) is independent. Hence at least one of the sets
N1(w1) ∩ V (C
(1)
5 ), N1(w1) ∩ V (C
(2)
5 ) is not independent. We shall consider these
possibilities:
Subcase 2a. N1(w1)∩V (C
(1)
5 ) is not independent. Since [w1, w5] ∈ E1 it follows
from Corollary 2.1(a) that N1(w1) ∩ V (C
(2)
5 ) = ∅, i.e.
N2(w1) ⊃ V (C
(2)
5 ). (2.16)
By Lemma 2.1(b) G2(w1) does not contain a monochromatic 3-clique and G2(w1) ⊃
C
(2)
5 + [a, w2]. Since C
(2)
5 is monochromatic and [a, w2] ∈ E2, it follows from
Lemma 2.3 that
E(C
(2)
5 ) ⊆ E2. (2.17)
We see from (2.6), (2.16) and (2.17) that the vertices a and w1 together with an
edge of C
(2)
5 form a red 4-clique which is a contradiction.
Subcase 2b. N1(w1)∩V (C
(2)
5 ) is not independent. Since w5 ∈ N1(w1) it follows
from Corollary 2.1(a) that
N2(w1) ⊃ V (C
(1)
5 ). (2.18)
Corollary 2.1(c) and G2(w1) ⊃ C
(1)
5 + [a, w2] = K2 + C
(1)
5 imply
N1(w1) ⊃ V (C
(2)
5 ). (2.19)
Lemma 2.1(a) and (2.19) give
E(C
(2)
5 ) ⊆ E2. (2.20)
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Since there are no blue 3-cliques and [w1, w5] ∈ E1 it follows from (2.19) that
N2(w5) ⊃ V (C
(2)
5 ). (2.21)
We see from (2.6), (2.20) and (2.21) that the vertices a and w5 together with an
edge of C
(2)
5 form a red 4-clique which is a contradiction.
3 A property of the graph C5 + C5 + C5
Let G = C
(1)
5 + C
(2)
5 + C
(3)
5 where C
(i)
5 , i = 1, 2, 3, are copies of the 5-cycle C5.
Let us consider the blue-red coloring where E1 = E(C
(1)
5 ) ∪ E(C
(2)
5 ) ∪ E(C
(3)
5 ). It
is clear that this coloring is (3, 4)-free. Thus G 6→ (3, 4). However the following
theorem holds:
Theorem 3.1. Let G = C
(1)
5 + C
(2)
5 + C
(3)
5 where C
(i)
5 , i = 1, 2, 3, are copies of
the 5-cycle C5. Let E(G) = E1 ∪E2 be a blue-red coloring such that E(C
(1)
5 ) ⊆ E2,
E(C
(2)
5 ) ⊆ E1 and E(C
(3)
5 ) ⊆ E1. Then this coloring is not (3, 4)-free.
Proof. Assume the opposite, i.e. that there are no blue 3-cliques and no red 4-
cliques. Let C
(1)
5 = v1v2v3v4v5, C
(2)
5 = u1u2u3u4u5, C
(3)
5 = w1w2w3w4w5. Since
the cycles C
(2)
5 and C
(3)
5 are blue and there are no blue 3-cliques we have that the
sets N1(vi) ∩ V (C
(2)
5 ) and N1(vi) ∩ V (C
(3)
5 ) are independent. Thus, we have
|N2(vi) ∩ V (C
(2)
5 )| ≥ 3, |N2(vi) ∩ V (C
(3)
5 )| ≥ 3, i = 1, . . . , 5. (3.1)
It follows from (3.1) that
N2(x) ∩N2(y) ∩ V (C
(i)
5 ) 6= ∅, i = 2, 3, x, y ∈ V (C
(1)
5 ). (3.2)
Let x, y ∈ V (C
(1)
5 ). We define
B1(x, y) = {v ∈ V (C
(2)
5 ) | [x, v], [y, v] ∈ E2},
B2(x, y) = {v ∈ V (C
(3)
5 ) | [x, v], [y, v] ∈ E2}.
We see from (3.2) that
Bi(x, y) 6= ∅, i = 1, 2, x, y ∈ V (C
(1)
5 ). (3.3)
We shall prove that
If [x, y] ∈ E(C
(1)
5 ) then Bi(x, y) is independent, i = 1, 2. (3.4)
Assume the opposite and let for example u′, u′′ ∈ B1(x, y) and [u
′, u′′] ∈
E(C
(2)
5 ). By (3.3) there exists w ∈ B2(x, y). Since there are no blue 3-cliques
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then at least one of the edges [u′, w], [u′′, w] is red. Hence [x, y, u′, w] or [x, y, u′′, w]
is a red 4-clique, which is a contradiction.
Let u′ and u′′ be adjacent vertices in C
(2)
5 . Since [u
′, u′′] ∈ E1 and there are no
blue 3-cliques we have
N1(u
′) ∩N1(u
′′) ∩ V (C
(1)
5 ) = ∅.
Thus |N1(u′) ∩ V (C
(1)
5 )| ≤ 2 or |N1(u
′′) ∩ V (C
(1)
5 )| ≤ 2. Hence
|N2(u
′) ∩ V (C
(1)
5 )| ≥ 3 and |N2(u
′′) ∩ V (C
(1)
5 )| ≥ 3. (3.5)
So, (3.5) holds for every two adjacent vertices in C
(2)
5 . Hence |N2(u)∩V (C
(1)
5 )| ≥ 3
holds for at least three vertices in C
(2)
5 . Thus, there exist two adjacent vertices in
C
(2)
5 , for example u1 and u2, such that
|N2(u1) ∩ V (C
(1)
5 )| ≥ 3 or |N2(u2) ∩ V (C
(1)
5 )| ≥ 3. (3.6)
If the both inequalities in (3.6) are strict then N2(u1) ∩N2(u2) ∩ V (C
(1)
5 ) contains
two adjacent vertices v′ and v′′. Since u1, u2 ∈ B(v′, v′′) then this contradicts (3.4).
Thus, we may assume that |N2(u1)∩V (C
(1)
5 )| = 3. Hence N2(u1)∩V (C
(1)
5 ) contains
two adjacent vertices, for example v3 and v4. Now we shall prove that the third
vertex in N2(u1) ∩ V (C
(1)
5 ) is the vertex v1. Assume the opposite. Then v2 ∈
N2(u1) ∩ V (C
(1)
5 ) or v5 ∈ N2(u1) ∩ V (C
(1)
5 ). Let v2 ∈ N2(u1) ∩ V (C
(1)
5 ). Then
v1, v5 ∈ N1(u1). Since v1, v5, u2 ∈ N1(u1) it follows from Corollary 2.1(a) that
N1(u1)∩ V (C
(3)
5 ) = ∅. Thus, G2(u1) contains C
(3)
5 + [v3, v4]K2 +C5. According to
Lemma 2.1(b) G2(u1) does not contain monochromatic 3-cliques. As E(C
(3)
5 ) ⊆ E1
and [v3, v4] ∈ E2, this contradicts Lemma 2.3. We proved that v2 /∈ N2(u1).
Analogously we prove that v5 /∈ N2(u1). So,
v1, v3, v4 ∈ N2(u1) and v2, v5 ∈ N1(u1). (3.7)
By (3.3) we can assume that w1 ∈ B2(v3, v4). Since [v3, v4, u1, w1] is not a red
4-clique we have
[u1, w1] ∈ E1. (3.8)
As there are no blue 3-cliques and [u1, v2], [u1, v5] ∈ E1, it follows that [w1, v2],
[w1, v5] ∈ E2. Taking into consideration w1 ∈ B2(v3, v4) we have
[w1, vi] ∈ E2, i = 2, 3, 4, 5. (3.9)
By (3.3) there is u ∈ B1(v2, v3). Since [v2, u1] ∈ E1 then u 6= u1. We shall prove
that u = u3 or u = u4. Assume the opposite. Then u = u2 or u = u5. Let, for
example, u = u2. Since [v2, v3, u2, w1] is not a red 4-clique, it follows from (3.9)
and u2 ∈ B1(v2, v3) that [u2, w1] ∈ E1. We obtained the blue 3-clique [u1, u2, w1]
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which is a contradiction. This contradiction proves that u = u3 or u = u4. We can
assume without loss of generality that u = u3. We have
[u3, w1] ∈ E1, (3.10)
because [v2, v3, u3, w1] is not a red 4-clique. By (3.3) there exists u ∈ B1(v4, v5).
Repeating the above considerations about u ∈ B1(v2, v3) we see that u = u3 or
u = u4.
Case 1. u = u4. Since [v4, v5, w1, u4] is not a red 4-clique, we have [u4, w1] ∈ E1.
Hence [u3, u4, w1] is a blue 3-clique, which is a contradiction.
Case 2. u = u3. In this case we have u3 ∈ B1(v2, v3) ∩B1(v4, v5), i.e.
[u3, vi] ∈ E2, i = 2, 3, 4, 5. (3.11)
As [v1, w1, u3] is not a blue 3-clique, it follows from (3.10) that [v1, u3] ∈ E2 or
[v1, w1] ∈ E2.
Subcase 2a. [v1, u3] ∈ E2. By (3.11) N2(u3) ⊃ C
(1)
5 . Since there are no blue
3-cliques N2(u3) contains two adjacent vertices w
′, w′′ ∈ V (C
(3)
5 ). Thus G2(u3) ⊃
C
(1)
5 + [w
′, w′′]. By Lemma 2.1(b) G2(u3) contains no monochromatic 3-cliques.
This contradicts Lemma 2.3 because E(C
(1)
5 ) ⊆ E2 and [w
′, w′′] ∈ E1.
Subcase 2b. [v1, w1] ∈ E2. By (3.9) we see that N2(w1) ⊃ V (C
(1)
5 ). Since there
are no blue 3-cliques N2(w1) contains two adjacent vertices u
′, u′′ ∈ V (C
(2)
5 ). Hence
N2(w1) ⊃ C
(1)
5 + [u
′, u′′] which contradicts Lemma 2.3.
The theorem is proved.
4 Proof of Main Theorem
Let C
(1)
5 = v1v2v3v4v5, C
(2)
5 = u1u2u3u4u5, C
(3)
5 = w1w2w3w4w5 and V (K1) =
{a}. Assume the opposite, i.e. there exists a (3, 4)-free blue-red coloring E1 ∪ E2
of the edges of K1 + C
(1)
5 + C
(2)
5 + C
(3)
5 . By Lemma 2.4 we can assume that:
N1(a) ⊃ V (C
(1)
5 ) and N1(a) ∩ V (C
(2)
5 ) is independent; (4.1)
N2(a) ⊃ V (C
(3)
5 ) and N2(a) ∩ V (C
(2)
5 ) is not independent. (4.2)
We shall prove that
E(C
(i)
5 ) ⊆ E2, i = 1, 2, 3. (4.3)
By (4.1) and Lemma 2.1(a), E(C
(1)
5 ) ⊆ E2. According to Lemma 2.5 each of
the 5-cycles C
(2)
5 and C
(3)
5 is monochromatic. By (4.2) G2(a) ⊃ C
(3)
5 + e where
e ∈ E(C
(2)
5 ). By Lemma 2.1(b) G2(a) contains no monochromatic 3-cliques. Thus,
it follows from Lemma 2.3 that the edge e and the 5-cycle C
(3)
5 have the same color.
Therefore, the 5-cycles C
(2)
5 and C
(3)
5 are monochromatic of the same color. Thus, it
follows from Theorem 3.1 that E(C
(2)
5 ) " E1 and E(C
(3)
5 ) " E1. We proved (4.3).
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Now we shall prove that
N2(a) = V (C
(2)
5 ) ∪ V (C
(3)
5 ). (4.4)
Assume the opposite. Then it follows from (4.2) that N1(a)∩ V (C
(2)
5 ) 6= ∅. Let for
example u1 ∈ N1(a) ∩ V (C
(2)
5 ), i.e. [u1, a] ∈ E1. We see from (4.1) that
[a, u2] ∈ E2. (4.5)
As there are no blue 3-cliques by (4.1) and [u1, a] ∈ E1 we obtain
N2(u1) ⊃ V (C
(1)
5 ). (4.6)
We see from Corollary 2.1(a) that at least one of the sets N2(u2)∩V (C
(3)
5 ), N2(u2)∩
V (C
(1)
5 ) is not independent. If N2(u2)∩ V (C
(1)
5 ) is not independent then it follows
from (4.6) and (4.3) that the vertices u1 and u2 together with an edge of C
(1)
5
form a red 4-clique. If N2(u2) ∩ V (C
(3)
5 ) is not independent then by (4.3), (4.5)
and (4.2) the vertices a and u2 together with an edge of C
(3)
5 form a red 4-clique.
This contradiction proves (4.4).
It follows from (4.4) and Lemma 2.1(b) that
C
(2)
5 + C
(3)
5 contains no monochromatic 3-cliques. (4.7)
Now we obtain from (4.7) and (4.3)
N2(x) ∩ V (C
(3)
5 ) is independent, x ∈ V (C
(2)
5 ); (4.8)
N2(x) ∩ V (C
(2)
5 ) is independent, x ∈ V (C
(3)
5 ). (4.9)
Let us note that
N1(x) ∩ V (C
(1)
5 ) is independent, x ∈ V (C
(2)
5 ) ∪ V (C
(3)
5 ). (4.10)
Indeed, let for example x ∈ V (C
(2)
5 ). By (4.8) N1(x)∩ V (C
(3)
5 ) is not independent.
This fact and Corollary 2.1(a) prove (4.10).
We shall prove that
N1(x) ∩ V (C
(2)
5 ), x ∈ V (C
(1)
5 ) is not independent ⇐⇒ N2(x) ⊃ V (C
(3)
5 ); (4.11)
N1(x) ∩ V (C
(3)
5 ), x ∈ V (C
(1)
5 ) is not independent ⇐⇒ N2(x) ⊃ V (C
(2)
5 ). (4.12)
The statements (4.11) and (4.12) are proved analogously. That is why we shall
prove (4.11) only. Let N1(x) ∩ V (C
(2)
5 ), x ∈ V (C
(1)
5 ) be not independent. Since
[x, a] ∈ E1, it follows from Corollary 2.1(a) that N1(x) ∩ V (C
(3)
5 ) = ∅, i.e. N2(x) ⊃
V (C
(3)
5 ). Let now N2(x) ⊃ V (C
(3)
5 ), x ∈ V (C
(1)
5 ). Assume that N1(x) ∩ V (C
(2)
5 )
is independent. Then N2(x) ∩ V (C
(2)
5 ) is not independent. Since C
(1)
5 is red,
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G2(x) ⊃ K3 + C
(3)
5 which contradicts Corollary 2.1(c). So, (4.11) and (4.12) are
proved. Using (4.11) and (4.12) we shall prove that
N1(x) ∩ V (C
(i)
5 ), i = 2, 3, is independent, x ∈ V (C
(1)
5 ). (4.13)
Assume that (4.13) is wrong and let for exampleN1(v1)∩V (C
(2)
5 ) is not independent
(remind that C
(1)
5 = v1v2v3v4v5). Then by (4.11) N2(v1) ⊃ V (C
(3)
5 ). If N2(v2) ∩
V (C
(3)
5 ) is not independent then v1 and v2 together with two adjacent vertices from
N2(v2)∩V (C
(3)
5 ) form a red 4-clique, which is a contradiction. Therefore, N1(v2)∩
V (C
(3)
5 ) is not independent. Thus (4.12) gives N2(v2) ⊃ V (C
(2)
5 ). Repeating the
above considerations about the vertex v1 on v2 we obtain N2(v3) ⊃ V (C
(3)
5 ). In
the same way it follows from N2(v3) ⊃ V (C
(3)
5 ) that N2(v4) ⊃ V (C
(2)
5 ). At the end
it follows from N2(v4) ⊃ V (C
(2)
5 ) that N2(v5) ⊃ V (C
(3)
5 ). So, we proved that
N2(v1) ∩N2(v5) ⊃ V (C
(3)
5 ).
Thus, it follows from (4.3) that v1 and v5 together with an edge of C
(3)
5 form a
red 4-clique, which is a contradiction. This contradiction proves (4.13). According
to (4.13) it follows from (4.11) and (4.12) that
N2(x) 6⊃ V (C
(i)
5 ), i = 2, 3, x ∈ V (C
(1)
5 ). (4.14)
Let x ∈ V (C
(2)
5 ) ∪ V (C
(3)
5 ). By (4.10) |N1(x) ∩ V (C
(1)
5 )| ≤ 2. Thus, we have the
following possibilities:
Case 1. N1(x) ∩ V (C
(1)
5 ) = ∅ for some vertex x ∈ V (C
(2)
5 ) ∪ V (C
(3)
5 ). Let for
example N1(u1) ∩ V (C
(1)
5 ) = ∅ (remind that C
(2)
5 = u1u2u3u4u5). Then N2(u1) ⊃
V (C
(1)
5 ). We have from (4.10) that N2(u2) ∩ V (C
(1)
5 ) is not independent. Thus
u1 and u2 together with two adjacent vertices from N2(u2) ∩ V (C
(1)
5 ) form a red
4-clique, which is a contradiction.
Case 2. |N1(x) ∩ V (C
(1)
5 )| = 1 for some vertex x ∈ V (C
(2)
5 ) ∪ V (C
(3)
5 ). Let for
example |N1(u1) ∩ V (C
(1)
5 )| = 1. Without loss of generality we can consider that
[u1, v1] ∈ E1 and [u1, vi] ∈ E2, i = 2, 3, 4, 5. According to (4.14) we can assume
that [v1, w1] ∈ E1. Since there are no blue 3-cliques, [u1, w1] ∈ E2. It follows
from (4.10) that N2(w1) ∩ V (C
(1)
5 ) contains two adjacent vertices. As
N2(w1) ∩ V (C
(1)
5 ) ⊆ N2(u1) ∩ V (C
(1)
5 ) = {v2, v3, v4, v5}
we see that u1 and w1 together with two adjacent vertices in {v2, v3, v4, v5} form a
red 4-clique, which is a contradiction.
Case 3. |N1(x) ∩ V (C
(1)
5 )| = 2 for every x ∈ V (C
(2)
5 ) ∪ V (C
(3)
5 ). According
to (4.8) N1(u1) ∩ V (C
(3)
5 ) is not independent. Thus, we can assume that w1, w2 ∈
N1(u1) ∩ V (C
(3)
5 ), i.e.
[u1, w1], [u1, w2] ∈ E1. (4.15)
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It follows from (4.13)
N1(w1) ∩N1(w2) ∩ V (C
(1)
5 ) = ∅. (4.16)
In the considered case we have
|N1(w1) ∩ V (C
(1)
5 )| = |N1(w2) ∩ V (C
(1)
5 )| = |N1(u1) ∩ V (C
(1)
5 )| = 2.
We obtain from (4.16)
N1(u1) ∩N1(w1) ∩ V (C
(1)
5 ) 6= ∅ or N1(u1) ∩N1(w2) ∩ V (C
(1)
5 ) 6= ∅.
By (4.15) there is a blue 3-clique, which is a contradiction.
Main Theorem is proved.
5 Example of Folkman edge (3, 5)-graph without
13-cliques
Using the Main Theorem we shall prove the following
Theorem 5.1. Let G = K4 + C
(1)
5 + C
(2)
5 + C
(3)
5 + C
(4)
5 where C
(i)
5 , i = 1, . . . , 4,
are copies of the 5-cycle C5. Then G→ (3, 5).
In order to prove Theorem 5.1 we shall need the following
Lemma 5.1. Let E(G) = E1 ∪E2 is a (3, 5)-free blue-red coloring of E(G). Then:
(a) G1(v), v ∈ V (G), is a red subgraph;
(b) (E(G2(v))∩E1)∪(E(G2(v))∩E2) is a (3, 4)-free blue-red coloring of E(G2(v)),
v ∈ V (G). Thus, G2(v) 6→ (3, 4).
Lemma 5.1 is proved in the same way as Lemma 2.1.
Corollary 5.1. Let E(G) = E1 ∪ E2 be a (3, 5)-free blue-red coloring of E(G).
Then:
(a) cl(G1(v)) ≤ 4, v ∈ V (G);
(b) cl(G2(v)) ≤ 8, v ∈ V (G);
(c) G2(v) 6⊃ K4 + C5 + C5;
(d) G2(v) 6⊃ K1 + C5 + C5 + C5.
Proof. The statement (a) follows from Lemma 5.1(a). The statement (b) fol-
lows from Lemma 5.1(b) and K9 → (3, 4), [4]. The statement (c) follows from
Lemma 5.1(b) and K4 + C5 + C5 → (3, 4), [8]. The statement (d) follows from
Lemma 5.1(b) and Main Theorem.
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Proof of Theorem 5.1. Assume the opposite, i.e. there exists a blue-red coloring
E(G) = E1 ∪ E2, which is (3, 5)-free. Let V (K4) = {a1, a2, a3, a4}.
Case 1. There exists ai ∈ V (K4) such that |N1(ai) ∩ V (K4)| = 3. Let for
example [a1, a2], [a1, a3], [a1, a4] ∈ E1. By Corollary 5.1(a) at most one of the sets
N1(a1) ∩ V (C
(i)
5 ), i = 1, 2, 3, 4, is not empty, i.e. N2(a1) contains at least three of
the cycles C
(i)
5 , i = 1, 2, 3, 4. Let for example
N2(a1) ⊃ V (C
(2)
5 ) ∪ V (C
(3)
5 ) ∪ V (C
(4)
5 ).
By Corollary 5.1(a) it follows that N1(a1)∩V (C
(1)
5 ) is independent. Thus, N2(a1)∩
V (C
(1)
5 ) 6= ∅. We obtained that G2(a1) ⊃ K1+C
(2)
5 +C
(3)
5 +C
(4)
5 , which contradicts
Corollary 5.1(d).
Case 2. There exists ai ∈ V (K4) such that |N1(ai) ∩ V (K4)| = 2. Let for
example [a1, a2], [a1, a3] ∈ E1 and [a1, a4] ∈ E2. Since [a1, a4] ∈ E2 if the sets
N2(a1) ∩ V (C
(i)
5 ), i = 1, 2, 3, 4, are not independent then G2(a1) ⊃ K9, which
contradicts Corollary 5.1(b). Hence, at least one of the sets N1(a1) ∩ V (C
(i)
5 ), i =
1, 2, 3, 4, is not independent. Let for example N1(a1)∩V (C
(1)
5 ) is not independent.
According to Corollary 5.1(a) it follows from this fact and [a1, a2], [a1, a3] ∈ E1 that
N1(a1)∩V (C
(i)
5 )∅, i = 2, 3, 4, i.e. N2(a1) ⊃ V (C
(i)
5 ), i = 2, 3, 4. As [a1, a4] ∈ E2 we
have G2(a1) ⊃ K1 + C
(2)
5 + C
(3)
5 + C
(4)
5 , which contradicts Corollary 5.1(d).
Case 3. There exist ai ∈ V (K4) such that |N1(ai)∩V (K4)| = 1. Let for example
[a1, a2] ∈ E1 and [a1, a3], [a1, a4] ∈ E2. We see from Corollary 5.1(a) that at least
three of the setsN2(a1)∩V (C
(i)
5 ), i = 1, 2, 3, 4, are not independent. Let for example
N2(a1) ∩ V (C
(2)
5 ), N2(a1) ∩ V (C
(3)
5 ) and N2(a1) ∩ V (C
(4)
5 ) are not independent.
Since [a1, a3], [a1, a4] ∈ E2 it follows from Corollary 5.1(b) that N1(a1) ⊃ V (C
(1)
5 ).
According to Lemma 5.1(a) it follows from this fact and [a1, a2] ∈ E1 that at
least two of the sets N1(a1) ∩ V (C
(i)
5 ), i = 2, 3, 4, are empty. Therefore, we can
assume that N2(a1) ⊃ V (C
(3)
5 ) and N2(a1) ⊃ V (C
(4)
5 ). Since N2(a1) ∩ V (C
(2)
5 )
is not independent we have G2(a1) ⊃ K4 + V (C
(3)
5 ) + V (C
(4)
5 ), which contradicts
Corollary 5.1(c).
Case 4. E(K4) ⊆ E2. Since [a1, ai] ∈ E2, i = 2, 3, 4, it follows from Corol-
lary 5.1(b) that at least two of the sets N1(a1) ∩ V (C
(i)
5 ), i = 1, 2, 3, 4, are not
independent. Let for example N1(a1)∩V (C
(1)
5 ) and N1(a1)∩V (C
(2)
5 ) are not inde-
pendent. Then by Corollary 5.1(a) N1(a1)∩V (C
(3)
5 ) = ∅ and N1(a1)∩V (C
(4)
5 ) = ∅,
i.e.
N2(a1) ⊇ V (C
(3)
5 ) ∪ V (C
(4)
5 ). (5.1)
Since [a1, ai] ∈ E2, i = 2, 3, 4, it follows from (5.1) and Corollary 5.1(c) that
N2(a1) ∩ V (C
(1)
5 ) = ∅ and N2(a1) ∩ V (C
(2)
5 ) = ∅. That is why, we have from (5.1)
N1(a1) = V (C
(1)
5 ) ∪ V (C
(2)
5 ). (5.2)
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As the vertices a1, a2, a3, a4 are equivalent in this case the above considerations
prove that
N1(ai), i = 1, 2, 3, 4, is a union of two of the cycles C
(1)
5 , C
(2)
5 , C
(3)
5 , C
(4)
5 . (5.3)
Lemma 5.1(a) and (5.2) imply
C
(1)
5 + C
(2)
5 is a red subgraph. (5.4)
Since there are no red 5-cliques we see from (5.4) that
N1(ai) ∩ V (C
(1)
5 ) 6= ∅ or N1(ai) ∩ V (C
(2)
5 ) 6= ∅, i = 2, 3, 4.
Thus, by (5.3) we have that
N1(ai) ⊃ V (C
(1)
5 ) or N1(ai) ⊃ V (C
(2)
5 ), i = 2, 3, 4. (5.5)
Hence, we can assume that
N1(a2) ⊃ V (C
(1)
5 ) and N1(a3) ⊃ V (C
(1)
5 ). (5.6)
Let C
(1)
5 = v1v2v3v4v5. By (5.5) we have the following possibilities:
Subcase 4a. N1(a4) ⊃ V (C
(1)
5 ). According to (5.6) [v1, ai] ∈ E1, i = 1, 2, 3, 4.
Hence, by Corollary 5.1(a) N1(v1) ∩ V (C
(i)
5 ) = ∅, i = 2, 3, 4, i.e. G2(v1) ⊃ C
(2)
5 +
C
(3)
5 +C
(4)
5 . By (5.2) [v1, v2] ∈ E2. Thus, G2(v1) ⊃ K1 +C
(2)
5 +C
(3)
5 +C
(4)
5 , which
contradicts Corollary 5.1(d).
Subcase 4b. N1(a4) ∩ V (C
(1)
5 ) = ∅, ı.e. N2(a4) ⊃ V (C
(1)
5 ). We have from (5.2)
and (5.6) that [v1, ai] ∈ E1, i = 1, 2, 3, and [v1, a4] ∈ E2. By Corollary 5.1(a) at
least two of the sets N1(v1) ∩ V (C
(i)
5 ), i = 2, 3, 4, are empty. Thus, we can assume
that
G2(v1) ⊃ C
(3)
5 + C
(4)
5 . (5.7)
It follows from Corollary 5.1(a) that N1(v1) ∩ V (C
(2)
5 ) is independent. Hence,
N2(v1) ∩ V (C
(2)
5 ) is not independent. This fact together with [v1, v2], [v1, a4] ∈ E2
and (5.7) gives G2(v1) ⊃ K4+C
(3)
5 +C
(4)
5 , which contradicts Corollary 5.1(c). This
contradiction finishes the proof of Theorem 5.1.
Since cl(G) = 12 and V (G)| = 24 Theorem 5.1 implies
Corollary 5.2. F (3, 5; 13) ≤ 24.
Lin proved in [7] that F (3, 5; 13) ≥ 18. In [9] Nenov improved this result proving
that either K8 + C5 + C5 → (3, 5) or F (3, 5; 13) ≥ 19.
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